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Abstract: 

In this paper, we provide an overview of recent progress on the interplay between tropical 
geometry and non-archimedean analytic geometry in the sense of Berkovich. After briefly 
discussing results by Baker, Payne and Rabinoff |BPR11) |BPR13) in the case of curves, 
we explain a result from |CHW14] comparing the tropical Grassmannian of planes to the 
analytic Grassmannian. We also give an overview of most of the results in [GBW14] . 
where a general higher-dimensional theory is developed. In particular, we explain the 
construction of generalized skeleta in [GRW14] which are polyhedral substructures of 
Berkovich spaces lending themselves to comparison with tropicalizations. We discuss the 
slope formula for the valuation of rational functions and explain two results on the com¬ 
parison between polyhedral substructures of Berkovich spaces and tropicalizations. 


2010 MSC: 14G22, 14T05 

1. Introduction 

Tropical varieties are polyhedral images of varieties over non-archimedean fields. They 
are obtained by applying the valuation map to a set of toric coordinates. From the very 
beginning, analytic geometry was present in the systematic study of tropical varieties, 
e.g. in |EKL06j where rigid analytic varieties are used. The theory of Berkovich spaces 
which leads to spaces with nicer topological properties than rigid varieties is even better 
suited to study tropicalizations. 

A result of Payne |Pay09| states that the Berkovich space associated to an algebraic variety 
is homeomorphic to the inverse limit of all tropicalizations in toric varieties. However, 
individual tropicalizations may fail to capture topological features of an analytic space. 
The present paper is an overview of recent results on the relationship between analytic 
spaces and tropicalizations. In particular, we address the question of whether a given 
tropicalization is contained in a Berkovich space as a combinatorial substructure. 

A novel feature of Berkovich spaces compared to rigid analytic varieties is that they 
contain interesting piecewise linear combinatorial structures. In fact, Berkovich curves 
are, very roughly speaking, generalized graphs, where infinite ramifications along a dense 
set of points is allowed, see |Ber90j . chapter 4, |BaRuI0| and |BPR13j . 
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In higher dimensions, the structure of Berkovich analytic spaces is more involved, but 
still they often contain piecewise linear substructures as deformation retracts. This was 
a crucial tool in Berkovich’s proof of local contractibility for smooth analytic spaces, see 
|Ber99j and |Ber04j . Berkovich constructs these piecewise linear substructures as so-called 
skeleta of suitable models (or fibration of models). These skeleta basically capture the 
incidence structure of the irreducible components in the special fiber. 


In dimension one, Baker, Payne and Rabinoff studied the relationship between tropical- 
izations and subgraphs of Berkovich curves in [BPR11| and |BPR13j . Their results show 
that every finite subgraph of a Berkovich curve admits a faithful, i.e. homeomorphic 
and isometric tropicalization. They also prove that every tropicalization with tropical 
multiplicity one everywhere is isometric to a subgraph of the Berkovich curve. 

As a first higher dimensional example, the Grassmannian of planes was studied in |CHW14] . 
The tropical Grassmannian of planes has an interesting combinatorial structure and is a 
moduli space for phylogenetic trees. It is shown in |GHW14] that it is homeomorphic to 
a closed subset of the Berkovich analytic Grassmannian. 

In [GRW14] . the higher dimensional situation is analyzed from a general point of view. 
This approach is based on a generalized notion of a Berkovich skeleton which is associated 
to the datum of a semistable model plus a horizontal divisor. This naturally leads to 
unbounded skeleta and generalizes a well-known construction on curves, see [T^ and 
[BPR13| . 

For every rational function / with support in the fixed horizontal divisor it is shown 
in [GRW14] that the “tropicalization” log|/| factors through a piecewise linear function 
on the generalized skeleton. This function satisfies a slope formula which is a kind of 
balancing condition around any I-codimensional polyhedral face. Moreover, for every 
generalized skeleton there exists a faithful tropicalization - where faithful in higher di¬ 
mension refers to the preservation of the integral affine structures. In dimension one, 
this can be expressed via metrics. It is also proven that tropicalizations with tropical 
multiplicity one everywhere admit sections of the tropicalization map, which generalizes 
the above-mentioned result in [BPRllj on curves. 


The paper is organized as follows. In section 2 we collect basic facts on Berkovich spaces 
and tropicalizations, giving references to the literature for proofs and more details. In 
section 3 we briefly recall some of the results by Baker, Payne and Rabinoff |BPR11| on 
curves. Section 4 starts with the definition and basic properties of the tropical Grass¬ 
mannian. Theorem 4.1 claims the existence of a continuous section to the tropicalization 
map on the projective tropical Grassmannian. We give a sketch of the proof for the dense 
torus orbit, where some constructions are easier to explain than in the general case. In 
section 5 we explain the construction of generalized skeleta from |GRW14] , and in section 
6 we investigate log|/| for rational functions /. In particular, Theorem 6.5 states the 
slope formula. Section 7 explains the faithful tropicalization results in higher dimension. 
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2. Berkovich spaces and tropicalizations 

2.1. Notation and conventions. A non-archimedean field is a field with a non-archime- 
dean absolute value. Our ground field is a non-archimedean field which is complete with 
respect to its absolute value. Examples are the field Qp, which is the completion of Q 
after the p-adic absolute value, finite extensions of Qp and also the p-adic cousin Cp of 
the complex numbers which is defined as the completion of the algebraic closure of Qp. 
The field of formal Laurent series k((t)) over an arbitrary base field k is another example. 
Besides, we can endow any field k with the trivial absolute value (which is one on all 
non-zero elements). A nice feature of Berkovich’s general approach is that it also gives 
an interesting theory in the case of a trivially valued field. The reason behind this is that 
Berkovich geometry encompasses also points with values in transcendental field extensions 
“ and those may well carry interesting non-trivial valuations. 

Let A be a complete non-archimedean field. We write K° = {x G A : |x| < 1} for the 
ring of integers in A, and A°° = {x G A : |x| < 1} for the valuation ideal. The quotient 
A = A°/A°° is the residue field of A. The valuation on A^ associated to the absolute 
value is given by v{x) = — log |x|. By T = v{K^) C M we denote the value group. 

A variety over A is an irreducible, reduced and separated scheme of finite type over A. 


2.2. Berkovich spaces. Let us briefly recall some basic results about Berkovich spaces. 
This theory was developed in the ground-breaking treatise |Ber90j . The survey papers 
|Co08j . [Du07| and |Temj provide additional information. For background information on 
non-archimedean fields and Banach algebras and for an account of rigid analytic geometry 
see |BGR84| and |Bol4j . 

For n G N und every n—tuple r = (ri,... ,rn) of positive real numbers we define the 
associated Tate algebra as 

A{r“^x} = { ^ aix^ : \ai\r^ —^ 0 as |/| —)■ oo}. 

Here we put x = (xi,..., x„), and for / = (ii,..., in) we write x^ = x*G .. x*". Moreover, 
we define |/| = ii Q. 

A Banach algebra A is called K-affinoid, if there exists a surjective A-algebra homo¬ 
morphism a ; A{r“^x} —)• A for some n and r such that the Banach norm on A is 
equivalent the quotient seminorm induced by a. If such an epimorphism can be found 
with r = (1,..., 1), then A is called strictly K-affinoid. In rigid analytic geometry only 
strictly A-affinoid algebras are considered (and called affinoid algebras). 
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The Berkovich spectrum M{A) of an affinoid algebras is defined as the set of all bounded 
(by the Banach norm), multiplicative seminorms on A. It is endowed with the coarsest 
topology such that all evaluation maps on functions in A are continuous. 

If X is a seminorm on an algebra A, and f € A, we follow the usual notational convention 
and write |/(x)| for x{f), i.e. for the real number which we get by evaluating the seminorm 
X on /. 

The Shilov boundary of a Berkovich spectrum Ai{A) of a ilT-affinoid algebra A is the 
unique minimal subset T (with respect to inclusion) such that for every f € A the eval¬ 
uation map M{A) —)• M>o given by x i—>• |/(x)| attains its maximum on T. Hence for 
every f G A there exists a point z in the Shilov boundary such that \ f{z)\ > |/(x)| for all 
X G M{A). The Shilov boundary of Ai{A) exists and is a finite set by [BerhO] . Corollary 
2.4.5. 

The Berkovich spectrum of a it'-affinoid algebra carries a sheaf of analytic functions which 
we will not define here. Some care is needed since, very roughly speaking, not all coverings 
are suitable for glueing analytic functions. Analytic spaces over K are ringed spaces which 
are locally modelled on Berkovich spectra of affinoid algebras. 

There is a GAGA-functor, associating to every A'-scheme X locally of finite type an 
analytic space over K. It has the property that X is connected, separated over K or 
proper over K, repectively, if and only if the topological space X^^ is arcwise connected, 
Hausdorff, or compact, respectively. If A = Specii is affine, the topological space X^’^ 
can be identifed with the set of all multiplicative seminorms on the coordinate ring R 
extending the absolute value on K. This space is endowed with the coarsest topology 
such that for all f G R the evaluation map on / is continuous. 

With the help of the GAGA-functor we associate analytic spaces to algebraic varieties. 
Another way of obtaining analytic spaces is via admissible formal schemes. An admissible 
formal scheme over K° is, roughly speaking, a formal scheme over K° such that the formal 
affine building blocks are given by A'°-fiat algebras of the form Ar°{xi,... ,Xn,}/a for a 
finitely generated ideal a in the ring A'°{xi,..., x„} = {Xl/eNj o/x^ : a/ G K° and \ai\ -G 
0 as |/| —)> oo}. For a precise definition see [BHT4] or [CooH]. 

An admissible formal scheme X has a natural analytic generic fiber On the formal 
affine building block given by K°{xi, ..., Xn}/ci the analytic generic hber is the Berkovich 
spectrum of K{xi ,..., Xn}/aiF{xi,..., x^}. 

If we start with a K°- scheme iX, which is separated, flat and of finite presentation, its 
completion with respect to any element vr G A'°°\{0} is an admissible formal scheme X. 
This has an analytic generic fiber On the other hand, we can apply the GAGA-functor 
to the algebraic generic fiber X = IX ®k° K and get another analytic space A“. They are 
connected by a morphism X^j ^ A“, which is an isomorphism if ^ is proper over K°. 
In the basic example = SpecA'°[x] we get the natural inclusion A4(iF{x}) (Aj^)“, 
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whose image is the set of all multiplicative seminorms on the polynomial ring K\x\ which 
extend the absolute value on K and whose value on x is bounded by 1. 


2.3. Tropicalization. We start by considering a split torus T = Speciir[xf ..., 
Evaluating seminorms on characters we get a map trop : —)• M"' on the associated 

Berkovich space, which is given by 

trop(p) = (-log|xi(p)|,...,-log|xn(p)|). 

Here we are using the valuation map to define tropicalizations. In some papers, tropical- 
izations are defined via the negative valuation map, i.e. the logarithmic absolute value of 
the coordinates. 


If X is a variety over K together with a closed embedding tp : X ^ T, we consider the 
composition 


( 2 . 1 ) 


trop,. : X" 


trop 


of the tropicalization map with the embedding ip. Note that the map trop,^ is continuous. 
Its image Trop,^(X) = trop,^(X“) is the support of a polyhedral complex S in M”. This 
complex is integral T-affine in the sense of section 5.1 It has pure dimension d = dim(X). 
For a nice introductory text on tropical geometry see the textbook [Ma-Stj . The survey 
paper |Gul3j is also very useful. 


Note that for all u G Trop,^(X) the preimage trop,^^({t<;}) can be identified with the 
Berkovich spectrum of an affinoid algebra, see [GuD?] . Proposition 4.1. 


For every point w G Trop,^(X) there is an associated initial degeneration, which is the 
special fiber of a model of X over the valuation ring in a suitable non-archimedean ex¬ 
tension field of K. The geometric number of irreducible components of this special fiber 
is the tropical multiplicity of oj. There is a balancing formula for tropicalizations involv¬ 
ing tropical multiplicities on all maximal-dimensional faces of Trop,^(X) around a fixed 
codimension one face, see |Ma-Stj . chapter 3.4. 


Let K be the algebraic closure of K. It can be endowed with an absolute value extending 
the one on K. By means of the coordinates xi,...,Xn we can identify T[K) = K . 
Then we can define a natural tropicalization map trop : T[K) — >■ M” by trop(ti,..., t^) = 
(— log |ti|,..., — log |tn|)- Note that every point t = {ti,... ,tn) in T{K) gives rise to the 
multiplicative seminorm / i—)• \ f{t)\ on the coordinate ring K[xf^, ... ,x^^], which is an 
element in Hence the tropicalization map on T{K) is induced by the map trop on 


We could define the tropicalization Trop,_„(X) without recourse to Berkovich spaces. If 
the absolute value on K is non-trivial, the tropicalization Trop,^(X) is equal to the closure 
of the image of the map 


X{K) T{K) 


'Y7\ 
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Considering a tropical variety as the image of an analytic space makes some topological 
considerations easier. For example, in this way it is evident that the tropicalization of a 
connected variety is connected since it is a continuous image of a connected space. 

Let y be a toric variety associated to the fan A in Ar, where N is the cocharacter group 
of the dense torus T. Then A defines a natural partial compactification N-^ (due to 
Kashiwara and Payne) of the space A®. Roughly speaking, we compactify cones by dual 
spaces. For details see |Pay09| , section 3. There is also a natural tropicalization map 

trop : ^ N^, 

which extends the tropicalization map on the dense torus. As an example, we consider 
y = with its dense torus ^ and A = Z"". Put M = MU { 00 } and endow it with the 
natural topology such that half-open intervalls ]a, 00 ] form a basis of open neighbourhoods 
of 00 . Then the associated compactification of is the tropical projective space 

TP" = \ {(cx),...,cx))})/M(l,...,l) 

which is endowed with the product-quotient topology. The Berkovich projective space 
(p^)an described as the set of equivalence classes of elements in (A^^)’^°\{0} 

with respect to the following equivalence relation: Let x and y be points in (A^^)®'"\{0}, 
i.e. multiplicative seminorms on K\xq, ... , 0 ;^] extending the absolute value on K. They 
are equivalent if and only if there exists a constant c > 0 such that for every homogeneous 
polynomial / of degree d we have \f{y)\ = c‘^|/(x)|. 

We can describe the tropicalization map on the toric variety P^ as follows: 

(2.2) trop : (P^)“ ^ TP" 

maps the class of the seminorm p on A [xq ,..., Xn] to the class (— log | xq (p) |, ■ ■., — log | Xn (p) |) -|- 
M(l,..., 1) in tropical projective space. 

An important result about the relation between tropical and analytic geometry due to 
Payne says that for every quasi-projective variety X over K the associated analytic space 
A“ is homeomorphic to the inverse limit over all Trop^(A), where the limit runs over 
all all closed embeddings </? : A y in a quasi-projective toric variety Y (see |Pay09| , 
Theorem 4.2). For a generalization which omits the quasi-projectivity hypothesis see 
|F(1P14] . 

Hence tropicalizations are combinatorial images of analytic spaces, which recover the 
full analytic space in the projective limit. Individual tropicalizations however may not 
faithfully depict all topological features of the analytic space. We will discuss a basic 
example at the beginning of the next section. 

3. The case of curves 

Let A be a field which is algebraically closed and complete with respect to a non- 
archimedean, non-trivial absolute value, and let A be a smooth curve over A. 
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As an example, let us consider an elliptic curve E in Weierstrass form + ax + b 

over K. The affine curve E has a natural embedding in The intersection Eq of E 
with ^ has a natural tropicalization in , which is one of the trees depicted in the 
next figure. 



Figure 1. Tropicalization of an elliptic curve in Weierstrafi form. The 
left hand side shows the case 3u(a) > 2v(b), the right hand side the case 
3v(a) < 2v{b). The numbers on the edges indicate the tropical multiplici¬ 
ties. If no number is given, the multiplicity is one. 

If however E \s a, Tate curve, then the analytic space E°‘"‘ contains a circle, i.e. it has 
topological genus 1. Hence the Weierstrass tropicalization does not faithfully depict the 
topology of the analytic space. 

As stated before, if X is a smooth curve over K, the Berkovich space is some kind of 
generalized graph, allowing infinite ramification along a dense set of points. In particular, 
it makes sense to talk about its leaves. The space of non-leaves Hq{X^^) in the Berkovich 
analytification admits a natural metric which is defined via semistable models, see 
|BPR13j . section 5.3. Any tropicalization of X with respect to a closed embedding in a 
torus carries a natural metric which is locally given by lattice length on each edge (and 
globally by shortest paths). Another problem in the case of the Weierstrafi tropicalizations 
from figure is the fact that tropical multiplicites ^ 1 are present. This may indicate 
that the tropicalization map will not be isometric on a subgraph, see [BPB llj . Corollary 
5.9. 

It is explained in [BPRllj . Theorem 6.2, how one can construct better tropicalizations of 
the Tate curve. 

Based on a detailed study of the structure of analytic curves there are the following two 
important comparison theorems in [BPRllj . 

Theorem 3.1 i [BPRllj . Theorem 5.20). Let P be any finite subgraph of X^'^ for a smooth, 
eomplete curve X over K. Then there exists a closed immersion ip : X ^ Y into a toric 
variety Y with dense torus T such that the restriction (/?o : Xq = X (1 T 

induces a tropicalization map trop^^^ : —)• M"' which maps P homeomorphically and 

isometrically onto its image. 
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Theorem 3.2 f |BPRll] . Theorem 5.24). Consider a smooth curve Xq over K and 
a closed immersion ip : Xq T into a split torus with associated tropical variety 
Trop^p(Xo). //r' is a compact connected subset of Tj:op^^{Xq) which has tropical mul¬ 
tiplicity one everywhere, then there exists a unique closed subset F in Hq{Xq^) mapping 
homeomorphically onto F', and this homeomorphism is in fact an isometry. 

We will discuss higher-dimensional generalizations of these theorems in section 


4. Tropical Grassmannians 


4.1. The setting. In view of the results [BPFll] for curves, it is a natural question 
whether they can be generalized to varieties of higher dimensions. As a first example, the 
tropical Grassmannian of planes was studied in |GHW14] . In this section we discuss the 
main theorem of this paper. 


For natural numbers d < re we denote by Gr(d, re) the Grassmannian of d-dimensional 
subspaces of re-space. The tropical Grassmannian is defined as the tropicalization of 
Gr(d,re) with respect to the Pliicker embedding ip : Gr(d,re) —)• Recall that the 

Pliicker embedding maps the point corresponding to the d-dimensional subspace W to 
the line in ()))-space given by the d-th exterior power of W. 


During this section we will deviate from the exposition in section 2.3 and consider tropi- 
calizations with respect to the negative valuation map. The choice between (min, -|-) and 
(max, -|-) tropical geometry is always a difficult one. 


Hence our tropical projective space is 

Tp(d)-i = ((M u {-oo})(d) \ {(-oo,..., -oo)})/M(l,..., 1), 
and the tropical Grassmannian TGr(d, re) = Trop,^(Gr(d, re)) is defined as the image of 
trop o ip^'^ : Gr(d, re)“ —>■ where trop is given by the map 

p ^ (log|xo(p)|,... ,log|x(-n^(p)|) -FM(1, ..., 1) 


on the analytic projective space, see (2.2). 


Tropical Grassmannians were first studied by Speyer and Sturmfels |SSn4j who focused on 

—1 

the toric part Gro(d, re) = Gr(d, re) H ip~^ {^mK ) which is embedded in the torus 
via ip. The tropicalization TGro(d, re) = Trop,^(Gro(d, re)) (which is called in |SS04j l 
is a fan of dimension d{n — d) containing a linear space of dimension re — 1, see [SSr)4| . 
section 3. 


Moreover, if d = 2, Speyer and Sturmfels proved that TGro(2,re) can be identihed with 
the space of phylogenetic trees, see |SS04j . section 4. For our purposes, a phylogenetic 
tree on re leaves is a pair (T, cj), where T is a finite combinatorial tree with no degree-two 
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vertices together with a labeling of its leaves in bijection with {1,..., n}, and w is a real¬ 
valued function on the set of edges of T. The tree T is called the combinatorial type of 
the phylogenetic tree (T, u). For every phylogenetic tree (T, w) and all i / j in {1,..., n} 
we denote by Xij the sum of the weights along the uniquely determined path from leaf i 
to leaf j. This tree-distance function satisfies the four-point-condition, which states that 
for all pairwise distinct indices i, j, /c, Z in {1, ..., n} the maximum among 

Xij “1“ Xj7, Xil Xj]^ 

is attained at least twice. 

4.2. A section of the tropicalization map. For the rest of this section we will always 
consider the case d = 2. In |CHW14] . we investigate the full projective Grassmannian 

TGr(2,n) = Trop,^Gr(2, n) in tropical projective space The main result of this 

paper is the following theorem: 

Theorem 4.1 1 |GHW14] . Theorem 1.1). There exists a continuous section a: TGr(2, n) —)• 
Gr(2,re)“ of the tropicalization map tvopoip’^^: Gr(2,n)®'“ —)■ TGr(2,n). Hence, the tropi¬ 
cal Grassmannian TGr(2, n) is homeomorphic to a closed subset of the Berkovich analytic 
space Gr(2,n)'^'^. 

Note that we are not considering semistable models or their Berkovich skeleta in this 
approach. 

The first idea one might have is to look at the big open cells of the Grassmannians. 
Since d = 2, the coordinates of the ambient projective space are indexed by the two 
element subsets {i,j} of {l,...,n}. If i < j, we write pij for this coordinate, and we 
put pji = —pij. We intersect the Grassmannian with the standard open affine covering of 
projective space and get open affine subvarieties 

Uij = Gr(2, n) n ^p~^{pij / 0}. 

The affine Pliicker coordinates are Uki = Pki/Pij- Since the Pliicker ideal is generated 
by the relations PijPki — PikPji + PuPjk = 0 for {i,j,k,l} running over the four-element 
subsets of {1,..., n}, the subvariety Uij can be identified with by means of the 

coordinates Uik = Pik/Pij and Ujk = Pjk/Pij for all k different from i and j. 

Recall that is the set of all multiplicative seminorms on K[uik,Ujk '■ k ^ 

which extend the absolute value on K. As explained in section 2, the toric variety Kjf ' 
has a natural tropicalization. With the sign conventions in the present section, it is given 
by 

trop : ^ (MU{-oo})2(’^-2) 

P ^ C^Og \Uik{p)\, log \Ujk{p)\)k^{i,j} 

This induces the tropicalization map 

trop : UtJ^ ^ (M U 
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Now the tropicalization map on an afhne space has a natural section, which is given 

by the map 5 : (MU{—oo})^ —)• (A^)“, mapping a point r = (ri,..., r^) £ (MU{—oo})^ 
to the seminorm 


N 

(4.1) 6{r): K[xi,...,xn ]—^ M>o | ^ CQ,x"(J(r))| = max{|ca| exp(rjai)}. 

*=i 


Here we put exp((—oo)a) = 0 for all a G Nq. Note that the restriction of S to is a 
map from to the torus We call the image of 5 on (MU {—oo})'^ the standard 

skeleton of (A^)®'“, and the image of Jl^iv the standard skeleton of the torus (G{^)^’^. 


However, the map S for N = n(n —2) does not in general provide a section of the tropical¬ 
ization map on the whole of Uij. Consider n > 4, and let x = {xki)ki be a point in the trop¬ 
ical Grassmannian TGr(2, n) which lies in the image of Uij under the tropicalization map. 
Let w be the projection to the affine coordinates a; = {xik — Xij,Xjk ~Xij)k^{ij} G 
Then 6{uj) is a point in the Berkovich space with log |uifc((5(a;))| = Xik — Xij and 
log \ujkiS{uj))\ = Xjk - Xij. Since Uki := Pki/Pij = UikUji - uuUjk by the Pliicker relations, 
the definition of 6 gives us log \uki{6{io))\ = maxjxjfc -|- Xji^xu + Xjk} — 2xij. Hence 5 can 
only provide a section of the tropicalization map if this maximum is equal to Xki + Xij. 
This may fail if the labelled tree T has the wrong shape, e.g. if it looks like this: 


i 



k 1 


The strategy for the proof of Theorem 4.1 is to compare the tropical Grassmannian with 
a standard skeleton of an affine space on a smaller piece of the tropicalization, namely on 
the part consisting of phylogenetic trees such that the underlying combinatorial tree has 
the right shape. If we want to make this precise, the definition of these smaller pieces is 
quite involved. A considerable part of the difficulties is due to the fact that we take into 
account the boundary strata of the Grassmannian in projective space. In order to explain 
the general strategy we will from now on restrict our attention to the torus part of the 
tropical Grassmannian. The general case can be found in |GHW 14] . 


4.3. Sketch of proof in the dense torus orbit. In this section we explain the proof of 
Theorem 4.1 for the subset TGro(2, n) of the tropical Grassmannian TGr(2, n). Recall that 
TGro(2,n) is the tropicalization of the dense open subset Gro(2,n) of the Grassmannian 
which is mapped to the torus via the Pliicker map. 


We fix a pair ij as above and work in the big open cell Uij. The coordinate ring Rij of 
Uij is a polynomial ring K[uik,Ujk ■ k ^ {*, j}] in 2(n — 2) variables. The other Pliicker 
coordinates are expressed as Uki = UikUji — uuUjk in Rij. Note that the affine variety 
Gro(2, n) is contained in Uij. The coordinate ring of Gro(2, n) is equal to the localization 
of Rij after the multiplicative subset generated by all Uki for {k,l} ^ 
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We also fix a labelled tree T with n leaves 1,... ,n, and arrange T as in the following 
figure 



Figure 2. Arrangement of T 


with subtrees Ti,... ,Tr. 

Definition 4.2. Let :< be a partial order on the set {1,... ,n} \ {i,j}. We write k -< I 
if k < I and k ^ 1. Then < has the cherry property on T with respect to i and j if the 
following conditions hold: 

(i) Two leaves of different subtrees Ta and T^ for a, 6 G {1,... r} as in figure^ cannot 
be compared by <. 

(ii) The partial order restricts to a total order on the leaf set of each Ta, a = 1,..., r. 
(hi) Ifk -< I < m, then either {k,l} or {l,m} is a cherry of the quartet {i,k,l,m}, 

i.e. the subtree given by this quartet of leaves contains a node which is adjacent 
to both elements of the cherry: 

i*-^^-• m i«-^^-#1 

k 1 m k 

Figure 3. Cherry property 


An induction argument shows the following lemma: 

Lemma 4.3 f |CHW14] . Lemma 4.7). Fix a pair of indices i,j, and let T be a tree on n 
labelled leaves. Then, there exists a partial order < on the set {f,... ,n} \ {i,j} that has 
the cherry property on T with respect to i and j. 


For an example of the inductive construction of such a partial order see |CHW14] . Figure 
3. 


The leaves in each subtree Ta are totally ordered, say as si -< S 2 Sp, if Ta contains 

p = p{a) leaves. We consider the variable set ... ,Uisp}'J{ujsl,Us,^s 2 , ■ ■ ■ Usp_isp}- 

Then I = Ii U ... U is a set of 2(n — 2) affine Plucker coordinates of the form u^i G Rij. 


We can successively reconstruct the variables of the form uji which are not contained in I 
as follows: In the tree Ta with leaves si -< S 2 Sp, we have Usj^s 2 — UisiUjs 2 —Uis 2 Ujsi, 

hence 


u 


'JS2 


= Uis]iUs:,S2 +U^ 


'lS2'^jsi 


J- 













12 


ANNETTE WERNER 


The right hand side is an expression in the variables contained in the coordinate set 
I with Uis^ inverted. Now we use the relation = Uis^ujs^ — Uis^Ujs 2 to express 

Ujs 2 = 'uYsli''^s 2 S 3 + Uis 3 Ujs 2 )- Plugging in the expression for Ujs 2 we can write Ujs^ as a 
polynomial in the variables in I plus all u~^. 

Proceeding by induction, we find for all m ^ i,j that 

Ujm £ . Uki G ^ 

and hence 

(4.2) K[uki : Uki G I] C Rij C K[uki : Uki G I][u~,} 

This shows that the variable set I generates the function held Quot(i?jj) of Uij. Recall 
that the coordinate ring of Gro(2, n) is R[Gro(2, n)] = S~^Rij, where S is the multiplica¬ 
tive subset of Rij generated by all Uki for {kl} / {ij}- By the previous result, Rr[Gro(2, n)] 
is equal to the localization of the Laurent polynomial ring K[u^i ■ u^i G I] after the multi¬ 
plicative subset generated by all u^i expressed as Laurent polynomials in the coordinates 
contained in I. 

Definition 4.4. Let Ct be the cone in TGro(2,n) whose interior corresponds to the 
phylogenetic trees with underlying tree T. Let x = {xki)ki -f M(l,..., 1) he a point in 
Ct C TGro(2,n). We associate to it a point al^{x) in Gro(2,n)“, i.e. a multiplicative 
seminorm on the coordinate ring of Gio{2,n), as follows. For every Laurent polynomial 
f = ^ ^ (where a runs over ) we put 

|/(fT^(x))| = max{|co| ^^P{aki{xki-Xij))}, where a = {aki)uki&i- 

This defines a multiplicative norm on K[u^i : {kl} G I] which has a unique extension to a 
multiplicative norm on the localization iL[Gro(2,n)]. Let al^{x) he the resulting point in 
the Berkovich space Gro(2,n)“. 

Since for every / G iL[Gro(2,n)] the evaluation map on Ct given by 

X HA |/(o-^(x))| 

is continuous, we have constructed a continuous map 

; Ct Gro(2,n)'^“. 

We want to show that it is a section of the tropicalization map tropo : Gro(2, —)• 

TGro(2,n) on trop“^(Cr)) which amounts to checking that 

log (x))| = Xki — Xij for all {kl} / {ij} and for all x G Ct- 

For variables Uki in I this is clear from the dehnition of cj^. Hence it holds in particular 
for all indices of the form {ik} for k ^ {i,j}- In order to check this fact for the other 
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indices, recall the definition of I after Lemma 4.3. Since Ujs 2 = 
find 

log|rtjs 2 (c 7 ^(x))| = max{-Xis^ +3^5^52, -Xis^ + Xis^ +Xjsi - Xij]. 

Since si and S 2 are in the same subtree (see figure]^, we find that Xjsi+a;js 2 = Xis 2 +Xjsi > 
Xij + XsiS 2 ^ which implies log \ujs 2 {cr^Ti^))\ ~ Inductively, we can show in this 

way our claim for all indices of the form {jk}. If we consider an index of the form {kl} 
where fc, I ^ we have Uki = UikUji — uuujk- If A; is a leaf in the subtree Ta and I is a 

leaf in the subtree Tb for a < b, we find Xki + Xij = xu + Xjk > Xik + Xji. Hence the non- 
archimedean triangle inequality gives log\uki{crlp{x))\ = log\{uiiUjk){crl^{x))\ = Xki — Xij. 
If k and I are leaves in the same subtree Ta, we may assume that k ^ 1. If A: is the 
predecessor of I in the total ordering ^ restricted to Ta, we are done, since then Uki is 
contained in I. If not, we let m be the predecessor of I, so that k < m ^ 1. The Pliicker 
relations give UimUki = UikUmi + uuUkm, hence 

Ukl — U^^l^UikUml T '^^ilUkm)- 

Note that all variables on the right hand side except possibly Ukm are contained in I. 
Hence we can calculate log\uki{crip {x))\ by developing Ukm in a Laurent series in the 
variables in I. The resulting Laurent series does not allow any cancellation between the 
variables. Now we can apply the cherry property for the ordering which says that 
{A:, m} or {m, 1} is a cherry for the quartet {i, k, m, 1}. Hence we have 

Xu Xkm — Xim T Xki — Xik T ^m/ 


or 


Xik T Xyyil ^ T Xki Xu T Xkm' 

In both cases, one can check directly that our claim holds. 

In fact, the section alp has a more conceptual description. Let ip : Gro(2, n) —)■ SpeciL[u^^ : 
Uki £ I] = Gm'^ be the open e mbe dding induced by (4.2), and let S be the stan¬ 
dard skeleton of {Gm^ 2)^an as in (4.1). It is contained in the open analytic subvariety 
Gro(2,n)'^“, since it consists entirely of norms and does therefore not meet a closed sub- 
variety of strictly lower dimension. Then the map alp is the composition of the projection 


from Ct to the coordinates {xki — Xii)ui.,ei £ 
in Gro(2, 


2 ) _ y; followed by the inclusion of S 


Recall from section 2.3 that for every x £ TGro(2,n) the preimage trop“^(x) under 
the tropicalization map is the Berkovich spectrum M{Ax) of an afhnoid algebra Ax- It 
follows from our construction that ap{x) is the unique Shilov boundary point of Ax- We 
can formulate this fact explicitely as follows. 

Lemma 4.5. / |GHW14] . lemma 4-^V Por every x £ Ct the seminorm ap{x) con¬ 
structed above has the following maximality property: For every f in the coordinate ring 
iL[Gro(2,n)] and every seminorm p £ trop“^(x) C Gro(2,n)®'“ we have 

\f{p)\ < |/(CT?(X))|. 
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As an immediate consequence we see that (T^(x) does not depend on the choice of the 
partial ordering ^ or on the pair ij, and that f7^(x) = if x is contained in the 

intersection Ct H Ct' ■ Hence we can patch these maps together and get a well-defined 
section a : TGro(2,n) —)• Gro(2,n)®'“ of the tropicalization map. It follows from the 
construction that it is continuous. 


This proves theorem 4.1 on the dense torus orbit Gro(2,n). In order to dehne a section 
of the tropicalization map also on the boundary strata of Gr(2,n), we follow the same 
strategy of constructing an index set I such that the associated Pliicker variables generate 
the function field of the Grassmannian. This construction is more involved, see |GHW14| . 
section 4 for details. The most important problem here is to find these local index sets 
in such a way that the section is also continuous when passing from one stratum of the 
Grassmannian for another. This continuity statement is shown in |GHW14] . Theorem 
4.19. 


Using the index set /, we may also calculate the initial degenerations of all points in the 
tropical Grassmannian and deduce that their tropical multiplicity is one everywhere. We 
will explain a general argument showing the existence of a section in this case in paragraph 

ESI 


In |DP14j , Draisma and Postinghel give a different proof of Theorem 4.1 
the affine cone over the Grassmannian Gr(2, n 


They work with 


define the section on a suitable subset and 
use torus actions and tropicalized torus actions to move it around. Also in this approach 
a maximality statement such as Lemma 4.5 is used. 


5. SkELETA of SEMISTABLE PAIRS 

In the next three sections, we give an overview of the results in |GRW 14] . In order to 
compare polyhedral substructures of Berkovich spaces with tropicalizations, we start by 
generalizing Berkovich’s notion of skeleta. Such skeleta are induced by the incidence 
complexes of the special fibers of suitable models. We extend this notion by adding a 
horizontal divisor on the model. For the rest of this paper, we hx an algebraically closed 
ground field K which is complete with respect to a non-archimedean, non-trivial absolute 
value. 


5.1. Integral affine structures. For curves, metrics play an important role in the com¬ 
parison results between tropical and analytic varieties, as we have seen in section The 
right way to generalize this to higher dimensions is to consider integral affine structures. 
Let M be a lattice in the finite-dimensional real vector space iW® = M (8)^ K, and let 
N = Hom(A', Z) its dual, which is a lattice in the dual space = N M of M®. We 
denote the associated pairing by (, ) : Mr x Ar — )• M. Recall that F = log \ K^ |. 

An integral T-affine polyhedron in Ar is a subset of Ar of the form 
A = {u E Ar I (rtj, u) 7 j > 0 for alH = 1,..., r] 
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for some ui,... ,Ur € M and 71 ,..., 7 ^ G T. Any face of an integral P-affine polyhedron 
A is again integral P-affine. An integral T-afp.ne polyhedral complex in A® is a polyhedral 
complex whose faces are integral P-affine. 

An integral T-affine function on is a function from A® to M which is of the form 

V {u, v) + J 

for some u £ M and 7 G P. More generally, let M' be a second finitely generated free 
abelian group and let N' = Hom(M',Z). An integral T-affine map from Ar to A^ is a 
function of the form F = (p* v, where 4> : M' —>■ M is a homomorphism, (p* : Ar —>■ 
is the dual homomorphism extended to Ar, and v £ N' ( 8 )z T. If A' = M' = Z”* and 
F = [Fi, ..., Fm) ■ Ar — )> is a function, then F is integral P-afRne if and only if each 

coordinate Fi : Ar —>■ M is integral P-affine. 

An integral T-affine map from an integral P-affine polyhedron A C Ar to Ag is defined 
as the restriction to A of an integral P-affine map Ar —)• N^. If A' C is an integral 
P-affine polyhedron then a function F : A —)• A' is integral T-affine if the composition 
A —)■ A' ^ is integral P-afRne. We say that an integral P-affine map A : A —?• Aj^ is 
unimodular if F is injective and if the inverse map A(A) —)• A is integral P-affine. Note 
that A(A) is an integral P-affine polyhedron in Aj^. 


5.2. Semistable pairs. Note that since our ground field K is algebraically closed, the 
ring of integers K° is a valuation ring which is not discrete and not noetherian. We begin 
by decribing the building blocks of the polyhedral substructures of Berkovich spaces which 
lend themselves to comparison with tropicalizations. 


Let 0 < r < d be natural numbers and consider the A°-scheme 

.5^ = Spec(A°[xo,..., Xd]/{xQ...Xr- vr)) 

for some tt G K° satisfying | 7 r| < 1. Then =5^ is a flat scheme over K° with smooth generic 
fiber. Its special fibre contains r -|- 1 irreducible components whose incidence complex is 
an r-dimensional simplex. Now fix a natural number s > 0 such that r -£ s < d, and 
consider the principal Cartier divisor H{s) = div(xr+i) div(xr+s) on =5^. 


As explained in section 2.2 the A°-scheme gives rise to two analytic spaces in the 
following way. On the one hand, we have an associated admissible formal scheme 


(5.1) 


S = Spf(A°{xo,..., Xd}/ixo...Xr- tt )) 


which we get by completing =5^ with respect to a non-zero element in K of absolute value 
< 1. Its analytic generic fiber is M{As) for the affinoid algebra 


As = K{xo,.. .,Xd}/{xo .. .Xr - tt). 

It is a subset of the analytification of the generic fibre = Spec(A[xo,..., x^]/ (xq ... x^ — 
tt )) of 
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Now we look at the tropicalization map on M{As) which only takes into account the first 
r + s + 1 coordinates, i.e. the map 

Val:M(A5)\^ ^ 

P ^ (-log|xo(p)|,...,-log|xr+s(p)|), 

where "H is the support of the Cartier divisor induced by H{s). Its image is A(r, tt) x M>q, 
where A(r, tt) = {(uq, ..., Vr) G + • • • + = — log |7r|} is a simplex in 

We define a continuous section A(r, tt) x ]R>q — M.[As) as follows. Note that the projec¬ 
tion (xo, xi,..., Xd) I—(xi,..., Xd) induces an isomorphism from A^(yl 5 ) to the afhnoid 
subdomain B = {p : — log |xi(p)| — ... — log |x,.(p)| < — log |7r|} of M.[K{xi^ ..., x^}). 

Similarly, the projection (uq, ui,..., u^+s) e-)- (ui,..., induces a homeomorphism 

A(r,7r) X M|o ^ = {(ui,... ,u,.+ 5 ) G : ui ... -h < - log |7r|} 

For every v = (ui,..., Vr+s) £ S there is a bounded multiplicative norm 11 11„ on iF{xi,..., x^} 
which is defined as follows: 

II a/x^ll^ = maxlla/l exp(—ziui — ... — ir+si^r+s)}- 

It satisfies — log ||xi||^ —.. .—log ||xr ||d = ui-|-. . .+Vr < — log |7r|. Therefore the point || 11^ 
is contained in the afhnoid domain B. Hence there is a uniquely determined continuous 
map 

a : A(r,7r) x M>o M{As) 

making the diagram 

A(r, tt) X M|q -—^ AI(yl5) 



commutative. The map a is by construction a section of the map Val. We dehne 
S{S,H{s)) C M.{As) C as the image of a and call it the skeleton of the pair 

Now we consider schemes which etale locally look like some 5^. 

Definition 5.1. A strictly semistable pair consists of an irreducible proper flat 

scheme ^ over the valuation ring K° and a sum H = Hi + ■■■ + Hs of effeetive Cartier 
divisors Hi on ^ sueh that is covered by open subsets which admit an etale mor¬ 
phism 

(5.2) if : ^— > y = Spec{K°[xo,... ,Xd\/ixo-■ ■ Xr - tt)) 

for some r < d and tt G with |7r| < 1. We assume that each Hi has irreducible 
support and that the restriction of Hi to ^ is either trivial or defined by Tp*{xj) for some 
j £{r + l,...,d}. 
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This is a generalization of de Jong’s notion of a strictly semistable pair over a discrete 
valuation ring |dJ96| . if we add the divisor of the special fiber to the horizontal divisor 
H. It is sometimes convenient to include only the horizontal divisor H as part of the 
data, since it is a Cartier divisor, whereas the special fiber of ^ may not be one. For a 
more detailed discussion of this issue see |CRW 14] . Proposition 4.17. If d = 1, i.e. in the 
case of curves, semistable models and therefore nice skeletons are always available after 
an extension of the ground field. In higher dimensions, we have to allow alterations in 
order to find semistable models, see |dJ96] . Theorem 6.5. 


5.3. Skeleta. Let H) be a semistable pair in the sense of definition 5.1 The generic 


fiber X of is smooth of dimension d. Hence d is constant in every chart , whereas the 
numbers r and s may vary with ^. We denote the special fiber of ^ by 0k° K- 


Denote by Vi,...,Vr the irreducible components of the special fiber of . The 
Cartier divisors Hi which are part of our data give rise to horizontal closed subschemes 
Jifi of ^, which are locally cut out by a defining equation of Hi. Putting Di = Vi for 
i = 1,..., R and Di^ji = J^i, we get a Weil divisor D = on ■ This gives 

rise to a stratification of where a stratum is defined as an irreducible component of 
a set of the form Hie/ A\U i^i Di for some I C {1,..., J? + S}. We call any stratum 
contained in the special fiber n vertical stratum and denote the set of all vertical strata 
by string, H). 


Now we want to glue skeleta of local charts together in such a way that the faces of the 
resulting polyhedral complex are in bijective correspondence with the vertical strata in 
str(,^s,77). In order to achieve this, we may have to pass to a smaller covering in the 
category of admissible formal schemes. 


Let ,H) be a strictly semistable pair with a covering as in Definition 5.1 We consider 


the induced formal open covering of the associated admissible formal scheme X which is 
defined by completion. Hence X is covered by formal open subsets U which admit an 
etale morphism ■0 : —)• 5 to a formal scheme S as in (5.1). 


It is shown in |GRW 14] . Proposition 4.1 that, after passing to a refinement, the formal 
etale covering 

has the property that = ... = Xr+g = 0} is a vertical stratum S in the special 

fiber such that for every vertical stratum T the following condition holds: The closure 
T of T in ^g meets lAg if and only if S' C T. 


We define the skeleton of {U,H\u) as the preimage of the skeleton of the standard pair: 
S{U, H\u) = '0“^(S(S, L7(s)). This is a subset of the analytic generic fiber of U which 
does not meet the horizontal divisor H. 
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It follows from results of Berkovich |Ber99j that the etale map ^|J actually induces a 
homeomorphism between S(U,H\i() and S{S,H{s)) ~ A( 7 r,r) x M>g. Hence the map 

Val o : S{U, H\u) ^ A( 7 r, r) x 

is a homeomorphism. 

It is shown in |GRW 14] . 4.5 that the skeleton S{U,H\k) only depends on the minimal 
stratum S contained in the special fiber of U. Therefore we denote it by As and call it 
the canonical polyhedron of S. The dimensions of S and of the canonical polyhedron As 
are defined in an obvious way and add up to d, see [GRW14j . Proposition 4.10. 

As we have seen, As is homeomorphic to A( 7 r,r) x for suitable data r, s and tt as 
above. We call A{iT,r) the finite part and M>q the infinite part of As- 



Figure 4. The canonical polyhedron As in the case r = 0 and s = 2, in 
the case r = s = 1 and in the case r = 2 and s = 0 (from left to right). 


As explained above, S i—)• As is a bijective correspondence between faces A 5 of the 
skeleton ,H) and vertical strata S induced by the divisor D in the special fiber 
Recall that D is given by the horizontal divisor H plus all irreducible components of 
(which we also call vertical divisors). Note that a vertical stratum T satishes S' C T if 
and only if At is a closed face of A 5 . 

Now we can glue As and A 5 / along the union of all canonical polyhedra associated to 
vertical strata R such that R D S U Sb In this way we define the skeleton of ,H) as 
the union of all As for strata S in the special fiber 

S{t^,H) = \jAs. 

s 

We obtain a piecewise linear space S{^,H) whose charts are integral T-affine polyhedra. 

The skeleton is a closed subset of the analytic space where we write 

Hk for the generic fiber of the support of H on . Using methods from |Ber99] . one can 
prove that it is in fact a strong deformation retract of In |GRW14| . Theorem 

4.13 it is shown that the retraction map can be extended to a retraction map from X^'^ 
to a suitable compactification of the skeleton. 

If the horizontal divisor H = 0, then the skeleton S{t%',0) is equal to Berkovich’s skeleton 
of a semistable scheme, see |Ber99j . 
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6. Functions on the skeleton 

Throughout this section we fix a strictly semistable pair We use the notation 

from the previous sections. 

We want to show that for every non-zero rational function f on X such that the support 
of the divisor of / is contained in Hk, the function — log|/| factors through a piecewise 
integral F-affine map on the skeleton. Moreover, we will show a slope formula for this 
map. 

Theorem 6.1 f [GRWlI] . Proposition 5.2). Let f be a non-zero rational function on X 
sueh that the support of div{f) is containd in Hk- We put U = X\Hk and consider the 
function 

F = - log I/I : 

Then F factors through the retraction map r : —)■ S{^, H) to the skeleton: 

U^n 


S{3F,H) 

Moreover, the restriction of F to S{^,H) is an integral T-affine function on each canon¬ 
ical polyhedron. 

The theorem is proved by considering the formal building blocks with distinguished strata 
and using a result of Gubler [GuOTj . Proposition 2.11. 

Recall that we denote the dimension of X by d. The slope formula for F is basically a 
balancing condition around each {d— l)-dimensional canonical polyhedron of the skeleton 
which involves slopes in the direction of all adjacent d-dimensional polyhedra. 

Let As be a d-dimensional canonical polyhedron of the skeleton S{^, H) containing the 
{d — l)-dimensional canonical polyhedron At- Then the stratum S in the special fiber 
is contained in the closure T (which is a curve), and it is obtained as a component of 
the intersection of T with one additional irreducible component of the divisor D. 

This component is either vertical, i.e. a component of the special fiber, or horizontal, i.e. 
given by some component of H. If it is vertical, then the hnite part of As — A(r, tt) x M>q 
(i.e. the simplex A(r, vr)) is strictly larger than the hnite part of A^. In this case we 
say that As extends At in a bounded direction. If the component is horizontal, then the 
inhnite part of As (i.e. the product I^>o) is strictly larger than the inhnite part of At- 
In this case we say that As extends At in an unbounded direction. 
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We define the hounded degree deg^(A 7 ’) as the number of canonical polyhedral Ag ex¬ 
tending At in a bounded direction. Similarly, we define the unbounded degree deg„(A 7 ’) 
as the number of canonical polyhedra As extending At in an unbounded direction. 

In the case d = 1, i.e. if A is a curve, all At are vertices. A one-dimensional canonical 
polyhedron As extending A^^ in a bounded direction is simply an edge of length v(7r) > 0. 
In this case, the stratum S is a component of the intersection of two irreducible compo¬ 
nents in the special fiber A one-dimensional canonical polyhedron As extending A^^ 
in an unbounded direction is a ray of the form M>o. In this case, the stratum S is a 
component of the intersection of the irreducible component of the special fiber given by 
T with a horizontal component of the divisor. Hence the degree degft(A'r) is the number 
of bounded edges in A^, and deg^(A 7 ’) is the number of unbounded rays starting in the 
vertex At- 

Now we want to define multiplicities via intersection theory. Since ^ is not noetherian, 
the standard intersection theory tools from algebraic geometry are not available. However, 
on admissible formal schemes one can use analytic geometry to associate Weil divisors 
to Cartier divisors, and there is a refined intersection product with Cartier divisors, see 
[Gu98| . |Cun3| and Appendix A in |GRW14j . 

Definition 6.2. For every vertex u G A^ we denote by 14 the associated irreducible 
component of the special fiber !Xs- We define an integer a{u, At) as follows: 

If At has zero-dimensional finite part {n}, we simply put a{u, At) = degb(AT). 

If not, then T lies in at least two irreducible components of the special fiber Xlg, which 
means that the finite part of T is a simplex A(r, vr) of dimension at least one. If U is a 
suitable formal chart, it is shown in |GRW14j . Proposition fill that there exists a unique 
effective Cartier divisor Cu on U such that its Weil divisor is equal to v{tt){Vu CiUs). We 
define —a(u, A^) as the intersection number (Cu-T), which is equal to the degree of the 
pullback of the line bundle associated to Cu from U to T. 

Note that Cartwright |Cal3| introduced the intersection numbers a{u, At) in the (noe¬ 
therian) situation where K° is discrete valuation ring. He uses them to endow the compact 
skeleton S{^) with the structure of a tropical complex, see |CaI3| . Definition l.I. This 
notion also involves a local Hodge condition which plays no role in our slope formula. The 
paper |Cal3) develops a theory of divisors on tropical complexes and investigates their 
relation to algebraic divisors. 

Here we also need multiplicities for rays in At, which are defined as one-dimensional faces 
of the unbounded part of T. 

Definition 6.3. Let Hr he the horizontal component corresponding to the ray r in At- 
We put 

air,AT)_ = -{Hr-T), 

where we take the intersection product of T with the Cartier divisor Hr on SI. 
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Let F be a function on the skeleton S{^, H), which is integral L-affine on each canonical 
polyhedron. Now we are ready to define outgoing slopes of F on a (d — l)-dimensional 
canonical polyhedron along a d-dimensional polyhedron Ag. 

Definition 6.4. Let At he a {d — 1)-dimensional canonical polyhedron and let As be a 
d-dimensional canonical polyhedron of S{^, H) containing At- We denote by A(r, vr) 
the finite part of As- Let F : As R be an integral T-affine function. 


i) If As extends At in a bounded direction, then there exists a unique vertex w of As 
not contained in At- We put 


slope(F; At, A 5 ) 



where we sum over all vertices u in At- 


1 


deg6(AT) 


a{u,AT)F{u) 


UGA-j 


a) If As extends At in an unbounded direction, then there exists a unique ray s in As 
not contained in At, and we put 


slope(F; At, As) 


dsF 


1 

deg„(AT) 


a{r,AT)drF, 

rG Ax’ 


where we sum over all rays in At- For any ray r we denote by drF the derivative of F 
along the primitive vector in the direction ofr. 


If A is a curve. At = u is a vertex and As is an edge with vertices u and w, then 
slope(F; At, A 5 ) = — F{u)). If As is a ray s starting in u, then we simply 

have slope(F; At, As) = dgF. In higher dimensions, the definition is more involved, since 
the naive slope :^j^{F{w) — F{u)) depends on the choice of a vertex u in At- Therefore 

we define a replacement for a weighted midpoint in At as deg^(A-r) ^ugAt ^t)u- 
Note that this point does not necessarily lie in At, since a{u, At) may be negative. 

We can now formulate the slope formula for skeleta. 

Theorem 6.5 f |GRWI4] . Theorem 6.9). Let f G K{X)^ be a non-zero rational function 
such that the support of div{f) is contained in Hk- Let F : S{^,H) —>■ M 6e the 
restriction of the function — log |/| to the skeleton. Then F is continuous and integral T- 
affine on each canonical polyhedron of S{^, H), and for all (d—l)-dimensional canonical 
polyhedra we have 

slope(F; At, As) = 0 , 

where the sum runs over all d-dimensional canonical polyhedra As containing At- 


If A is a curve, the slope formula basically says that the sum of all outgoing slopes along 
edges or rays in a fixed vertex is zero. In this case, the slope formula is shown in |BPRI3l 
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Theorem 5.15]. It is a reformulation of the non-archimedean Poincafe-Lelong formula 
proven in Thuillier’s thesis |Thu05| . Proposition 3.3.15. The Poincare-Lelong formula is 
an equation of currents in the form dd'^ log |/| = (ldiv(/)) where dd'^ is a certain distribution¬ 
valued operator. This version of the slope formula was generalized to higher dimensions 
in the ground-breaking paper [Ch-Dul^ , where a theory of differential forms and currents 
on Berkovich spaces is developed. The approach of |Ch-Dul2] uses tropical charts and 
does not rely on models or skeleta. In higher dimensions we see no direct relation to our 
slope formula. 


7. Faithful tropicalizations 


We will now investigate the relation between skeleta, which are polyhedral substructures 
of analytic varieties, and tropicalizations, which are polyhedral images of algebraic or 
analytic varieties. 


7.1. Finding a faithful tropicalization for a skeleton. We start with a strictly 
semistable pair {^,H) with skeleton S{^,H) and generic fiber X. We consider ra¬ 
tional maps / : X --■> from W to a split torus. If 17 C X is a Zariski open 

subvariety where / is defined, then f\u-U^ x induces a tropicalization Tropj(t/) 
of 17, which is defined as the image of the map trop o —)> M"" as in section |2.3[ 

Note that the skeleton is contained in the analytification of every Zariski open subset of 
X, since it only contains norms on the function field of X. 

Definition 7.1. A rational map f : X --■> r' from X to a split torus is called a 
faithful tropicalization of the skeleton S{^,H) if the following conditions hold: 

i) The map trop o is injective on 

ii) Each canonical polyhedron A 5 of ,H) can be covered by finitely many integral 
T-affine polyhedra such that the restriction 0 /trop o f‘^^ to each of those polyhedra is a 
unimodular integral T-affine map. 


For the definition of unimodular integral affine maps see section 5.1 


It is easy to see that a rational map which is unimodular on the skeleton stays unimodular 
if we enlarge it with more rational functions on X, see |GRW14] . Lemma 9.3. 

If we look at a building block =5^ = Speci7°[xo, •. •, Xrf]/(xi ... — tt) as in Definition 

with the local tropicalization A(r, tt) 


5.1 


>Q, we find that the coordinate functions 


xo,... ,x,.+<j induce a faithful tropicalization. Collecting the corresponding rational func¬ 
tions on X for all canonical polyhedra of the skeleton, we get a rational map on X which is 
locally unimodular on the skeleton. It is shown in the proof of Theorem 9.5 of |GRW14] 
how to enlarge this collection of rational function in order to ensure injectivity of the 
tropicalization map on the skeleton. In this way one can show the following result. 
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Theorem 7.2 ( |GRW14] . Theorem 9.5). Let {^,H) be a strietly semistahle pair. Then 
there exists a collection of non-zero rational functions /i,... on X such that the re¬ 
sulting rational map f = : X —^ ^mK ® faithful tropicalization of the 

skeleton S{^, H). 


7.2. Finding a copy of the tropicalization inside the analytic space. Let us now 

start with a given tropicalization of a very affine iL-variety U, i.e. with a closed immer¬ 
sion ip : U ^ ^ of a variety 17 in a split torus. As in section 

tropicalization map 

trop„ = trop o ^ M”. 


2.3 


we consider the 


Recall that for every point to G Trop(^(17) the preimage trop^^(w) C of the tropical¬ 
ization map is the Berkovich spectrum of an affinoid algebra 

Lemma 7.3 f |GRW14] . Lemma 10.2). If the tropical multiplicity of ui is equal to one, 
then contains a unique Shilov boundary point. 


This lemma follows basically from |BPRllj . Remark after Proposition 4.17, which shows 
how the preimage of tropicalization is related to initial degenerations. 

Now we can show that on the locus of tropical multiplicity one there exists a natural 
section of the tropicalization map. 

Theorem 7.4 f |GRW14] . Theorem 10.7). Let Z C Trop^(17) be a subset such that the 
tropical multiplicity of every point in Z is equal to one. By Lemma |y.3| this implies that 
for every oj G Z the affinoid space trop“^(a;) has a unique Shilov boundary point which 
we denote by s{u). 

The map s : Z ^ Lf^'^, given by uj ^ s{uj), is continuous and a partial section of the 
tropicalization map, i.e. on Z we have trop,^^ o s = idz- Hence the image s(Z) is a subset 
of which is homeomorphic to Z. 

Moreover, if Z is contained in the closure of its interior in Trop^(17), then s is the unique 
continuous section of the tropicalization map on Z. 


We give a sketch of the proof. It is enough to show that the section s is continuous and 
uniquely determined under our additional assumption. Since everything behaves nicely 
under base change we may assume that the valuation map —)• ]R>o is surjective. Let 

us first consider the case that U = ^ and p the identity map. Then the section s is 

the identification of the tropicalization M"" (which has multiplicity one everywhere) with 
the skeleton of as defined in (4.1). It is clear from the explicit description of s in 

(4.1) that it is continuous in this case. 


Moreover, if s' is a different section of the tropicalization map in the case U = ^ which 

satisfies s(a;) s'(to), we find a Laurent polynomial / on which those two seminorms differ. 
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Since s{uj) is the unique Shilov boundary point in the fiber of tropicalization, s'{iv) applied 
to / is strictly smaller than s{u}) applied to /. Since s{uj) is equal to s'{uj) on all monomials, 
it follows that the initial degeneration of / at a; cannot be a monomial. Therefore w is 
contained in the tropical hypersurface Trop(/). A continuity argument shows that the 
same argument works in a small neighbourhood of u. This is a contradiction since Trop(/) 
has codimension one. Therefore s is indeed uniquely determined if y? is the identity map. 


For general (p : U ^ where U has dimension d < n, one shows that that there 

exists a linear map Z” —)• Z^^ with the following property: Let a : G! 

Let 


^m,K 

u 




the corresponding homomorphism of tori and consider if; = a o p 

tie the skeleton of the torus as in (4.1). Then for all cj € Z we have {s(w)} = 


trop“^(a;)nV'“^(S'(G^ ^)). This implies that s(Z) = trop“^(Z)n'0“^(>S'(G^ ^)) is closed, 
from which we can deduce continuity of s. Uniqueness follows from uniqueness in the torus 
case by composing the sections with 'll;. 


Note that the preceeding theorem does not make any assumption on the existence of 
specific models. If we assume that , H) is a semistable pair and U = X\Hk, then the 
image of the section s defined in Theorem 7.4 is contained in the skeleton S{^, H). This 
is shown in [GEW14] . Proposition 10.9. 

The preceeding theorem treats the case of tropicalizations in tori. Let p : X ^ Y he a 
closed embedding of A in a toric variety Y associated to the fan A. Then we may consider 


the associated tropicalization Trop^{X) of A, i.e. the image of tropo 
N^, where is the associated partial compactification of Ar, see section 


2.3 


^ yan ^ 

We can 

apply Theorem 7.4 to all torus orbits. In this way, we get a section of the tropicalization 
map on the locus Z C Trop(^(A) of tropical multiplicity one which is continuous on the 
intersection with each toric stratum. It is a natural question under which conditions this 


section is continuous on the whole of Z. This might shed new light on Theorem 4.1 for 
the tropical Grassmannian. 
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